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Abstract 

We propose a new scheme to express the uncertainty principle in form of inequality 
of the bipartite correlation functions for a given multipartite state, which provides an 
experimentally feasible and model-independent way to verify various uncertainty and 
measurement disturbance relations. By virtue of this scheme the implementation of 
experimental measurement on uncertainty relations to a variety of physical systems 
becomes practical. The inequality in turn also imposes a constraint on the strength 
of correlation, i.e. determines the maximum value of the correlation function for two- 
body system and the domain of the sum of various bipartite correlation functions for 
multipartite system. 

The uncertainty principle lies at the heart of quantum mechanics and is one of the most 
fundamental features which distinguish it from the classical mechanics. The original form, 
PiQi ~ h, stems from a heuristic discussion of Heisenberg on Compton scattering [Ij where 
Pi, qi are the determinable precisions of position and momentum, h is the Planck constant. A 
generalization to arbitrary pairs of observables is AAAB > \ {[A, B])\/2, where the standard 
deviation is AX = {{X"^) — {Xyy^'^, X = Aoi B, {■ ■ ■) stands for expectation value, and the 
commutator is defined as [A, B] = AB—BA. This is the usually called Heisenberg- Robertson 
uncertainty relation [2]. A more stronger version is the Robertson-Schrodinger uncertainty 
relation [3] which takes the form of (AA)2(AS)2 > {{{A,B})/2 - {A){B))'^ + \{[A,B])\yA 
where the anticommutator is defined as {A,B} = AB + BA. 
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Note that in the form involving standard deviation, the uncertainty relation represents the 
property of the ensemble of arbitrary quantum state in Hilbert space and does not concern 
with the specific measure in measurement. Thus such uncertainty relation is not related to 
the precision of measurement on one observable and the disturbance to its conjugate. 

Assume e{A) to be the precision of the measurement on A and ri{B) to be the disturbance 
of the same measurement on B, it is well-known that the Heisenberg's original uncertainty 
relation with regard to measurement and disturbance reads 



In recently, Ozawa found that the Heisenberg's measurement disturbance relation (MDR) ([T]) 
is not a universal one, and a new MDR was proposed |4], which are thought to be generally 
valid, i.e. 



Eq.([2]) is of fundamental importance, for example, it leads to a totally different accuracy 
limit e{A) for non-disturbing measurements {f]{B) = 0) comparing to the Heisenberg' MDR. 
In quantum information science, the uncertainty principle in general is also crucial to the 
security of certain protocols in quantum cryptography [5]. 

Despite the importance of the uncertainty principle, only the uncertainty relation in 
form of standard deviations has been well verified in various situations, e.g., see [6] and the 
references therein. Experiments concerning both Heisenberg's and Ozawa's MDRs have just 
been performed with neutrons [7] and photons |8j. In neutron experiment, a known pure 
polarization state has to be prepared beforehand for the measurement, an indirect one based 
on the method proposed by Ozawa [9j. In the photon experiment, the weak measurement 
model introduced in [lOj was employed for the measurement, which is also a quite subtle 
experiment. A large sample of data is necessary due to the sensitivity to the measurement 
strength of a weak measurement process which is used for gathering information of the 
system prior to the actual measurement [11]. The results of Refs. [7] and [8] exhibit the 
validation of Ozawa's MDR but rather the Heisenberg's. Since the uncertainty principle 
limits our ultimate ability to reduce noise when gaining information from the state of a 



e{AUB)>^\{[A,B])\. 



(1) 



e{AUB) + e{A)AB + AAv{B) > \\{[A, B])\ . 



(2) 
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physical system, its experimental verification in various systems and different measurement 
interactions is still an important subject. 

Here in this work, we present such a general scheme from which both the uncertainty 
relation and MDR turn to the forms involving only bipartite correlation functions. In this 
formalism, whilst the uncertainty relation becomes an inequality imposed on the correlation 
functions of bipartite states, the Heisenberg's and Ozawa's MDRs transform into strong 
constraints on the shareability of the bipartite correlations in multipartite state. This directly 
relates the key element of quantum information, i.e., the nonlocal correlation, with the 
fundamental principle of quantum mechanics, i.e., uncertainty principle, in a quantitative 
way. And most importantly, it enables us to test the MDR with a variety of physical systems. 

Without loss of generality, following we instantiate our discussion in qubit system having 
dichotomic (±) observables which are described by two dimensional Hilbert space. Such 
systems include spin 1/2 particle, polarizations of photons, two level atoms, etc. We take the 
measurable observables to be the spin components for convenience hereafter. A measurement 
of spin along arbitrary vector a in three dimensional Euclidean space can be represented by 
the following operator 

A = a ■ a = \a\a ■ Ha ■ (3) 

Here a = {cxjCryjCTz) are Pauli matrices, r?a = S/\a\, and a general commutative relation 
holds for such operators 

[A, B] = 2iC , (4) 

where B = (T-b, C = (t-c, c = axb. Let \n'^) be the two eigenvectors of operator P = a ■ "fip, 
the following complete relations hold 

\np){n^\ + \np){np\ = l , \n+){n+\ - \np){n-\ = a ■ Up = P . (5) 

Here fip is a unit vector, \'n^){'n^\ = P^ are the projection operators. Using the Schmidt 
decomposition, any bipartite pure state is unitarily equivalent to the state [12]: l^pu) = 
+ t^\~)\~) where |ap + = 1, and a > 0, (3 > 0. The correlation function 
between two operators A and B for arbitrary quantum state \ip) is defined as E{Ai,B2) = 
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{ip\Ai ^ B2\ip) ■ Here the subscripts of A, B stand for the corresponding partite which they 
are acting on. 

For the Robertson-Schrodinger uncertainty relation we have the following theorem: 

Theorem 1 The Robertson-Schrodinger uncertainty relation imply the following inequality 
on the correlation functions of arbitrary bipartite quantum state 



where Xi = ai ■ x, X = A, B, or C , c = a x b, Pi = ffi ■ n.p, n.p is unit vector, i = 1,2 denote 
the corresponding partite, S is the parallelogram area formed by a, b. 

It indicates that the correlation functions between one specific operator (P) and two 
other operators (A, B) and their commutator (C) in bipartite states are constrained by the 
area of parallelogram formed with a and b. The maximal attainable value of the bipartite 
correlation function is E{Ai, A2) = |ap which is the area of a square with length \a\. A proof 
of this theorem is given in Appendix |X1 

As for the MDR, it is a subtle problem in quantum theory. In order to detect the influence 
(disturbance) on quantity B introduced by the measuring process of A, one needs to measure 
B before and after the measurement on A. Unless being S's eigenstate, the acquisition of 
information on B prior to the measurement A will inevitably change the the initial state and 
makes the subsequent measurement process irrelevant to the initial state. To illustrate this, 
a simple measurement scheme is presented in FigJT] where the measurement is performed 
via the interaction of the signal system \ipf) with a meter system li/j^) [10]. The Ozawa's 
precision and disturbance quantities in Eq.([2]) are defined as |1] 



Here the expectation values in Eqs.dHl [7]) are evaluated with the same compound state 
\'4^i)\4'3)^ where \^pl) can be arbitrary, i.e., \4't)'i li^s) is the quantum state of the measure- 
ment apparatus; U13 is a unitary measurement interaction. If the measurement process is 



E{Ai,P2)b-E{B,,P2)a + \E{Ci,P2)f < 5^ , 



eiAf 



{[Ul,{h®Ms)Ui3-A^®h]') , 
{[Ul,{B,®h)U,3-B,^h]^) . 



(6) 
(7) 
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Figure 1: Illustration of the detection of measurement precision and disturbance. P, D, 
M stand for the function of projection, disturbance, and measuring. A meeter system |'?/'3) 
interacts with the signal state which is prepared by projecting a bipartite entangled 
state at P. The measurement result can be obtained from M, and the measurement 

disturbance on signal \'^f) will be detected at D. 

carried out via spin dependent interaction with a qubit state (partite 3) and regarding the 
measurement read out of the spin of partite 3 to be the measurement result of the signal 
state iV'i), we can have M3 — )■ ^3. It is obvious that in determining ri{B) (Eq.(I7])), we have 
to measure Bi before and after the measurement interaction f/13. 

Our procedure to settle this problem goes as follows. Suppose we want to measure the 
MDR with respect to any given pair of spin components oi Ai = ffi ■ a and Bi = ai ■ b for 
arbitrary state We can make use of the following entangled states to prepare \ipi) 

1^!?) = ^ - i-mn-)\nt)) . (8) 

Here, n G {0, 1}; |?7.^) are the eigenstates of a -nc with eigenvalues of ±1 (|±) for z direction 
if not specified), c = a x b and He = c/\c\. Without loss of generality, we can set the a-b 
plane as x-z plane, and Uc along the y axis 

= ^(1 + +) + !--)) , (9) 

1 

I'ip^^) have the following property 

Oi ® 0^- Vi?) = -(-1)1^!?) , ^ e {0, 1} , (11) 

where Oi = cXi ■ fio is an operator acting on the i partite and fio is a unit vector in the a-b 
(x-z) plane. With the definition of projection operators in Eq.([5]), an arbitrary quantum 



^i?) = 4^(1 + -)-!-+)) • (10) 
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state (iV'i)) of partite 1 can be obtained via a projective measurement P on partite 2 (see 

FigH} 



|2«|^S?)| 



(12) 



where |2(^p |V'i2'*)l — and the arbitrariness of is guaranteed by the arbitrariness 



of (njl 



The measurement precision of quantity A for quantum state l^jf) and the corresponding 
disturbance on another quantity B now can be written as 



Tj^iBf = {iJslii^tl [ul,{B,®h)U,s-B,^Is\'\tPt)\tPs) . 

With these definitions, we can derive the following relation (see Appendix [B]) 

E{A2,A3)+E{Bi,B2) 
= (lap + + (-1)"^ [e+(A)2 + r^+(i?)2 + e-{Ay + r;-(5)^] 



(13) 
(14) 



(15) 



Here E{X„Xj) = (V-ml^. ® X.^isa), X = AotB, 1^123) = t/ial^'if ) IV^s), hJ e {1,2,3}, 
the subscripts of operators stand for the corresponding partite which they are acting on. 
The precision and disturbance of the measurement now are directly related to the bipartite 
correlation functions of a tripartite state. Eq.f llSp is universally valid regardless of the 
measurement interaction f/13 which brings about the tripartite state. 



For arbitrary given state the Heisenberg's and Ozawa's MDRs read 

e^{A)r^HB)>lm\[ABM)\, 
eHA)vHB) + e^iA)A^{B)+v^iB)A^iA) > l\{i't\[A, B]\^pf)\ . 
We have the following theorem 



(16) 
(17) 



Theorem 2 For A = a-a, B = a-b and the associated quantum state {ip^^), a tripartite state 
would be obtained by interacting one partite of {ip^j^^) with a third partite 3. The Heisenberg's 
and Ozawa 's MDRs imply the following relations on the resulted tripartite state 



\EiA2,As) + EiBi,B2)\ < \d\' + \b\' - Kh,o\np ■ {d X b)\ . 



Here E{Xi,Xj) are the bipartite correlation functions of the tripartite state, Kh = 1 and 
Ko = (\/2 — 1)^ for Heisenberg's and Ozawa's MDR respectively, Hp is an arbitrary unit 
vector. 

The proof of Theorem [2] is presented in Appendix O From Theorem [1] we know that |ap 
and |6p are the maximum values of E{A2,A3) and E{Bi,B2) in bipartite states. Now due 
to Theorem [2] the maximum of the sum of the two bipartite correlations in the tripartite 
state is reduced by an amount proportional to the volume of the parallelepiped with edges 
a, b, and rip. 

The experiments to test the validity of the MDRs can be simply and straightforwardly 
performed due to Theorem [2J Here we present an example of the measurement model of 
qubit system with the measurement interaction f/13 being the CNOT gate (TU] within our 
method. Suppose we want to measure the precision of Z = cr^ and the disturbance on 

X = cr^ of qubit state Following Theorem [21 on choosing \ip\^2) = "^(1 + +) + I ))' 

the measurement interaction CNOT gate between one partite of \'ip[^2) ^-nd the meeter system 
lips) = cos 6*3!+) + sin^^sl— ) will lead to the following tripartite state 

Ife) = -^[| + +)(cos^3|+) +sin^3|-)) + 

\--)icos9s\-) + sm93\+))]. (19) 

According to Theorem [2], the Heisenberg's and Ozawa's MDRs impose the following con- 
straints on the bipartite correlation functions of \1p123) 

Heisenberg's MDR: E{Z2, Z3) + E{Xi, X2) < 2 - | cos^p| , (20) 
Ozawa's MDR: ^(^2,^3) + E(Xi,X2) < 2 - (v^ - 1)2| cos^pl , (21) 

for arbitrary 6p, the angle between flp and c. The tightest bound happens when 6p = 0. Thus 
a measurement of bipartite correlation function of E{Z2, Z^), E{Xi, X2) in the tripartite state 
would be capable to verify the Heisenberg's and Ozawa's MDR (see Figj2]). 

Another direct result of the Theorem [2] is a monogamy type relation on Bell correlations 
[T3t [HI [15] in the tripartite entangled state. According to the Theorem [2l when measuring 
the precision of B and the disturbance it imposes on A, we will have 

\E{B2,B3) + E{A,,A2)\ < \a\^ + \b\^-K>,,o\Hp-iaxb)\ , (22) 
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Figure 2: The demonstration of Heisenberg's and Ozawa's MDR with measurement precision 
oi A = Z and its disturbance on B = X. Here Khq are the upper bound imposed by 
Heisenberg's and Ozawa's MDR at 6'p = respectively. The sum E{Z2,Zz) + E{Xi,X2) 
surpasses the hmit imposed by Heisenberg's MDR. 



Introducing two new vectors a' = |(a + 6) , 6' = |(6 — a), we can similarly define A' = a • a', 
B' = a ■ b' . Following the definition of correlation function in Eq.( [T5|) . we can get 



E{Ai,Aj] 
E{Bi, Bj] 



E{A,Ar)-E{A„B'^) 
E{B,,Ar) + E{B,,B'^) 



(23) 
(24) 



Adding Eq.([T8]) and Eq.([22]), and taking Eqs.i^^, we have 

\E{A2, A',) - E{A2, B',) + E{B2, A',) + E^B^, B',) + 
EiAi, A'^) - E{Ai, B'^) + E(5i, A'2) + E{B^, B'^) \ < 2Kh,o • 



(25) 



where Kh,o = I^^P + I^P — i^h,o\np ■ {a x b)\. When \a\ = |6| = 1, a ± 6, Eq. (l25|) leads to the 
sum of two particular CHSH type correlations [16] 



p(23) p(12) 
-°CHSH ' -°CHSH 



< 2V2K^ 



H,0 ■ 



(26) 



Here 5^*^^sh = E{Ai,A'j) - E{Ai,B'j) + E{Bi,A'j) + E{Bi,B'j). The tightest bound also 
happens when = 0, which lead the following 



Heisenberg's MDR: 
Ozawa's MDR: 



^(23) ^ 
-°CHSH ' -°CHSH 

p(23) p{12) 
-°CHSH "T -°CHSH 



,(12) 



< 2^2, 

< 2y2(2v^-l). 



(27) 
(28) 



Note, there are also discussions in the literature on Bell correlations based on the entropic 
measures of uncertainty relation [T71 [18] . 
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In conclusion, we proposed in this work a general scheme to express the uncertainty 
principle in terms of bipartite correlation functions, by which the uncertainty relation and the 
MDR are transformed into certain inequalities constraining the correlation functions. Unlike 
the weak measurement on MDR with neutron and photon, in our scheme the measurement 
result will not rely on any specific experiment measure and interaction type of quanta, which 
means the experiment in the new scheme may tell the universal validity of MDR. The finding 
of the relation between experimental measurable correlation function and the uncertainty 
principle, including both uncertainty relation and the MDR, enables people to study the 
peculiar nature of quantum nonlocality in a different way, and to verify the uncertainty 
relation and MDR broadly, e.g., in systems of atoms, ions, or even high energy particles. 
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Appendix 



A Proof of theorem [T] 



Proof of the equation of theorem [TJ 



E{A^,P2)h-E{B^,P2)a + \E{C^,P^)\^ < . 



Proof: Following the definition of the standard deviation, the Robertson-Schrodinger un- 
certainty relation takes the following form 



With the definition of operator in Eq.Q and the basic commutator Eq.(j4]), Eq.f l29|) can be 
written as 



The right hand side of the inequality is just the determinant of Gram matrix of the vector 
a, 6, which is the square of area of parallelogram formed by a, h. The expectation value is 
evaluated for certain quantum state which can be prepared by projecting one partite of the 
bipartite entangled state onto specific quantum state. For example, for the entangled state 
I'^i2) = «|+)i|+)2 + )2, by projecting the partite 2 onto a specific state |np)2 = 

cos §1+) + e^'^ sin ||— ) (Eigenstate of a2 ■ Up where Hp = (sin 9 coscp, sin 6* sin (p, cos 9)), we can 
get arbitrary quantum state 



{{A^) - {Af){{B^) - {Bf) > 




a\^\h\^ - {Af\h\^ - {Bf\a\^ > {a -hf - 2{a ■h){A){B) + {Cf . 



After rearranging the terms, we have 



\{A)h- {B)d\^ + {Cf < laH^p - (a ■ 6)2 = 5' . 



2{n^\M _ 1 



a cos -|+) + e 




(30) 



2{n+\ipi2)\ |2(n+|7/;i2)| 
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We can have the similar expression for {ipi ) when projecting with |^p)2- The uncertainty 
relation holds for arbitrary state, so for \ipf) 



\{A)b- (5)ap + (C)' < S"" 



(31) 



Here the subscript 1 standards for partite 1. Multiplying | 2(^p |V'i2)P to Eq. (!3T]) with the 
corresponding superscript ± and adding the two inequalities we have 

\2{n;\^u)\'\{^Pi\A,\^l)b- {^P^\B,\^p^)a\' + ^^^^^ < S\ (32) 

With Cauchy's inequality '^iViYliiVi'^^ ^ (YliiPi'^iY^ Eq. (!30|) . and the following relation 

l2«i^i2)ri(^^|Aii^+)l + i2K-|^i2)ri(^rl^il^r)l 

= |(V^12|A ® |02«||V^12)| + |(^12|Al ® |V)2(^;IIV^12)I 
> |(^12|^1 ® K)2«||^12)| - |(^12|^1 ® |V)2(^ 11^12)1 

= |(^i2|Ai ® (I02«| - \n-p)2{n-^\)M\ 

= |(V^i2|A®P2|^12)| = 1^(^,^2)1 , 



we can get 



QED. 



E{A^,P2)h-E{B,,P2)d + \E{Ci,P2)\^ < . 



(33) 



(34) 



B Proof of Eq.([l5D 



Proof of Eq.([T5|): 

E{A2, As) + EiB^, B,) = {\d\' + \h\') + (-1)"^ [e^{Af + r^+{Bf + e-{Af + r{Bf] ■ 

Proof: For the particular state \'4^f)-i taking the definitions of Eq. fll2l) . the measurement 
precision turns to 

|2(nJ|V>£))|2e±(A)2 = (V>3|(V'i?lA^ \uUh ®h® A3)f/i3 -Ar®h® h] ' P2^|V'1?)|V'3) • 



11 



The corresponding disturbance is 



|2«|^1?)| V(5)' = {H{47\P2 [uUBi ® /2 ® /3)f/l3 -B,®h® h\ P^^l^ff )l^3) . 

Using the complete relation of projection operators, the summation of the precision and 
disturbance for \ip^) and gives 



[e^Ar + e-{Ar] /2 



[r,^{Bf + r{Bf] /2 



= (V^3|(V^12 

Due to the properties of Eg. (ITT]), we have 
[e^{Af + e-{Af] /2 



Ul^{Bi ®l2® hWis -Bi®l2®h 



l^i?)l^3) 

IV^i?)IV^3) 



(35) 
(36) 



[r^^{Bf + r,-{Bf] /2 



A3)f/i3 + (-l)"/i® ^2 



I^S?)I^3) 



(37) 



1 2 



= (^3|(V^{?| PiU^i ®h® /3)f/l3 + (-l)"/l ® ^2 ® /3J |V'S?)I^3) , (38) 

The measurement interaction only involves particles of 1,3, thus it commutates with opera- 
tors of partite 2, so we have 



[e^{Af + e-{Af] /2 
m^i'i^Wlih^h^A, 
[r,^{Bf + r{Bf] /2 

in) 



;-l)"/l® A2®/3)'f/l3|^i?)|^3) 



;-l)"/l®52®/3)'t/l3|^;?)|^3) 



Define 1^123) = t/i3|^i2 ) IV^3), Eqs. ( 13911401) turn to 



'-[e\Af + e-{Af] 
\[ri\Bf + r [Bf] 



(^1231(^3 + (-1)^2)=^ 1^123) 
(^123|(Sl + (-l)"52)'|V^123) 



From the definition of operators A and S, the above equations reduce to 
1 [e+(A)2 + e~{Af] = 2|ap + (-1)"2E(A2, A3) , 



1 



[^+{B f + r(i?)2] = 2|6|2 + (-l)"2E(i?i, i?2) 



(39) 
(40) 

(41) 
(42) 

(43) 
(44) 
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QED. 



C Proof of Theorem [2 



Proof: Here we present the proof for n = 1, the case of tt, = can be derived similarly. Due 
to the definition [A, B] = 2iC, after summing the right hand sides of the inequalities with 
lb in Eq.( IT6l) we have 

im\ci\^t)\ + m\ci\^i)\) 

= 2 {\{llJu\Cl (S) P^\^Pl2)\ + |(^12|Ci ® P2"I^12)|) 

= 2\{^u\Ci®P2\^i2)\ = 2\Ei2{Ci,P2)\, (45) 



where we have used Eq. f[T2|) . 

For the Heisenberg's MDR, combining Eq. (fT5|) and Eq. (fT6|) . we can get the following 
inequalities 

E{A2,A,) + E{B,,B2) + |Pi2(Ci,P2)| < + l&l' ■ (46) 



Here the bipartite correlation function E12 is written with subscript explicitly. Eq. ( 1461) must 
be satisfied for any given P2 

E{A2, A3) + P(Pi, P2) < + - |np ■ c1 . (47) 

This is just the Heisenberg upper bound for the correlation. 

For the Ozawa's MDR, from Eq.f ll7p we have 

\{^l't\Cl\^l^t)\ < 6±(A)r/+(P) + 6±(A)A±(P) + r/±(P)A±(A) 

< i [e^{Af + v^{Bf] + Ve±(A)2 + ^±(5) VA±(P)2 + A±{Ay . 

The solution is 

e±(A)2 + r/±(P)2> 

(^^A^iAy + A±(P)2 + 2\{^Pt\C,\^t)\ - v/A±(A)2 + A±(P)2^ . (48) 
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The largest value of the right hand side is (2 — y/2y\{'ipf\Ci\ipf)\ which is obtained when 
A{Ay = A{Bf = \ {i/j^\Ci\tlj^)\. So from Eq.i^ we can get 

i\d\' + \b\')-[E{A2,A,) + E{B,,B2)] 

> l{V2-irmt\cM)\ + i(v^ric'iiA-)i) 

> {V2-lf\E{C,,P2)\. (49) 
The constraint on the correlation function is 

E{A2, As) + E{Bi,B2) < lap + \b\^ - ( ^2 - 1) " c\ . (50) 

Along the same procedure for n = 0, we can derive E{A2, A^) + E{Bi, B2) > —Kh,o- In all 
we have 

\E{A2,As) + E{BuB2)\ < Kh,o • (51) 

QED. 
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